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n = n o r m a l e  unit6 5. la surface de dispersion (61). 
fi = normale unit6 int6rieure/t  la surface du cristal 

(70). 
r h = coefficient de r6sonance [I, (16), (28)]; (4'), (15). 
S h = moment  61ectrique effectif de la maille [I, (22"), 

(29)1, (1). 
S = vecteur flux d'6nergie (Poynting) (69). 
sh =vec teur  unit6 du rayon d 'ordre  h. 
s,~ = p r o d u i t  scalaire (s~sk); s ,s '  pour  Ge 111/111 

(155); 111/]-11 (192). 
T = ' t i e  point ' ,  point  caract6ristique. 
TLa = T--> La = La - T 

m6me convention pour:  LoT, LoLa, . . .  
T~, T~, Ti Coordonn6es r6duites rempla~ant les 1"~ (17), 

(89), (103), (119) etc. 
T12, T13 . . . = TI T2, TI T3 . . . (188). 
T = t3 - -  t2 [I, (49)]. 
th =vecteurs  r6ciproques aux Sh [I,(10)], (43). 
V =vec teur  L o - ~ T  ~ un facteur pros [I,(14)], (43). 
v a, v, Volumes support6s par  les a~ et s~, respective- 

ment.  
c~ s = polarisibilit6 de l 'a tome s [I, (24)]. 
%' -h  = %'h coefficient de couplage [I, (27)]; (2), (26). 
%,d %, Parties de %d6pendantes  surtout  de la diffusion 

et de l 'absorpt ion (7). 
31223 =~12313 [I,(39)], (137); ~123=t~12~230~31 [I,(38)], 

(137). 
fl = 2/a [I, (69)], (154). 
fl~ = axes r6ciproques r6duits [I, (57)]. 
fl~,_h Variable g6n6rale dans D = 0 (20). 

)'h =cos/_(K~,, N) (14); appel6 ), pour  une 'd6coupure  
sym6trique'.  

F]I,Y/2, t~3 [I,(8), (57')]. 
/z Dans I: indice de r6fraction; dans II:  coefficient 

d 'absorpt ion:  
/z0 d 'un  seul rayon 'coefficient ordinaire '  

(18), (51). 
/ z . . .  rappor t  d 'un  coefficient d 'absorpt ion au 

'coefficient ordinaire '  (52). 
/.tn,~Zn pris dans les directions de n ou de fi 

(67), (71). 
/Z)sym pour  une 'd6coupure sym6trique'  du 

cristal. 
/t)eff pris selon la direction du rayon pri- 

maire (71). 
zt =composan tes  du vecteur v [I,(19)]; rh (15). 
1"12,1"123 produits  [I,(38)] (137). 
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FeoMeTpHqecKaa nHTepnpeTauH~ TOqeqHbIX 3HeMeHTOB CHMMeTpHH 

H pemeToK Bpaa3 13 qeTb~pexMepHOM npocTpaHCTBe 

T. C. KymlenHn H H. B. Be.aon 

Fopt,tcoectcuft Focyc)apcmeennbtft Ynueepcumem uMenu H.  14. ~o6aueectcoeo, FopblcU~t, C C C P  

(Ilocmynuao 20 utona 1967 e.) 

Twenty-four operations of symmetry in {4} are considered as being generated by a primordial (on 
Wulff's lines) operation of a mirror reflexion in the hyper-plane; the Bravais lattices in {4} are derived 
from 14 three-dimensional lattices by a synthetic method, account being taken of the new (24) elements 
of symmetry. A new Bravais lattice is added to Mackay & Pawley's list revised by A. M. Zamorzaev 
and B.V. Cekinovskij. 

1. OnepannH CltMMeTpHH B (4} 

Bt,me~leHm,ie Fypca  (Goursat ,  1889), FepMaHOM (Her- 
mann,  1949), XapJIn (Hurley, 1951) MeTO~aMri Teop~In 
rpynn  24 onepamm CttMMeTpnH (rpncTasIsmrpaqbn~e- 
crne) B qeTupexMepHOM npocTpancwBe MO~rHO no- 
ay'mTb reoMeTpnqecrn, npmtaB B raqecTBe OCHOBHOH, 

nopo>rjIaIomefi onepattrIrI CltMMeTpttlI 3epI~am, noe OT- 
pa~enne  B rnnepnstocrocTn.* B npocTpaHCTBe 4-X 
n3MepeHnfi (o6o3HaqaeMoM ~.aa rpaTrOCTn {4}) qepe3 
mo6yro TO,ary A (pnc. 1) Bne rnnepnJIOCrOCTH npo- 

* Cor~acHo 'npnHuI~ny Byabqba' (Be~IoB, 1951a); reoMe- 
Tpnqecrne TepMrIHbI BBnTbX npeHMymecTBenno n3 rnarH 
Mannrmra (Manning, 1956). 
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XO~HT O)IHa tI TOJIbKO O~lHa YIHHH~I A B ,  nepneH)ln- 
rynapHa~ K ~aHHO~ rnnepnnocKocTn n n e p e c e r a r o m a a  
ee B TOqKe O; 3epKaYlbHbIM oTpa~enrIeM TOqKH A 
6y~eT TOqKa B, n e ~ a m a a  Ha nonyn~tnaH O B ,  npo-  
TnBOnOnO~HO~ O A ,  npn  ycnoBna paBeHCTBa O B  = O A .  
E c n a  O~Hy roopnnHaTHym oc~ X1 nanpaBnT~ no 
n n n n n  A B ,  He ne~ratue~ B r n n e p n n o c r o c T n ,  a Tprt 
)Ipyrne X2, X3 a X4 a~onb Tpex nexoMnnaHapH~iX B 
r n n e p n n o c r o c T n  HanpaBJIeH~I~, npoxo)Igtt tnx qepe3 
TOqry O a nepneu~tnrynapH~iX r A B * ,  TO o n e p a u n m  
oTpa~reHaa B rnnepnnocxocTr~ MOmHO B~Ipa3nT~ noR- 
CTaHOB~O~ (IIIy6aaxoB, 1951) 

Xl X2 X3 X4 

)71 )(2 X3 )(4 (2) 

* l-[pnMbIe yrnbI Merely OCHMII Ha Bcex pncyHKaX o6o3Haqa- 
mTCa jlyraMa c nonepeqHo~ mTpnXOBKO~. 

H o  X a p n n  :gTO o n e p a u n a  T, no  FepMany - 2111. 
KnaccnqbnraIIn~ Bcex 3J/eMeHTOB CHMMeTptlH, BKJItO- 
qaa n o n e p a u m o  H)IeHTHqHOCTH (I), npHBO)IHTC~I B 
Ta6n. 1 BMeCTe C HX Ma'rp~,mo~ qbopMoh n o6o3Hane- 
naaMa no  X a p n ~  n FepMany. 

2 

x, 

I 
I 

t 

Pnc. 1. 3epKanbnoe oTpa~eHHe TO~KH B rHHepHnocKocTH. 

N o .  
II. 

T a 6 n a u a  1 .9~e. , tenmbt  cu. , t . , tempuu e {4} 

Knacc onepa~a~ Onepa~n~ MaTpaua 0603- 
(0603HaqeaHe) HaqeHHe 

Xapnn 
1000 

H~eaTHqaOCTH nnl 0100 I 
0010 
0001 

0603- 
naqenne 
FepMaHa 

1111 

Hopo~rnammaa- 1"000 
oTpa~eHne B sn. r 0100 
rnnepnnocKocTn 0010 

0001 

2111 

10 

HOBOpOTH~Ie 
H~OCKOCTH 

3epxanbno- 
nOBOpOTHbIe 
HHOCKOCTH 

T000 
nn2 0T00 E 2211 

0010 
0001 

0100 
nn4 1000 R 411 

0010 
0001 

0100 
nn3 ]-fO0 K 311 

0010 
0001 

OTO0 
nn6 1100 Z 611 

0010 
0001 

TOO0 
3nw 0T00 T' - 

OOTO 
0001 

0100 
sn~ T000 F 421 

OOTO 
0001 

0100 
sn~ TTO0 N" - 

OOTO 
0001 

OTO0 
sn~ 1100 N 621 

0010 
0001 
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T a 6 n a t t a  1. (Ilpo3o.~atceuue) 
No. Knacc onepauaia Onepaurta MaTparaa 0603- 0603- 
n. (o6o3na,~en~te) rtaqeHne HaqeH~e 

Xapnn FepMaaa 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

Tooo 
~ByBpamenna 0822 0T00 J '  - 

00T0 
O00T 

0100 
0842 T000 R t - 

00T0 
000T 

0100 
~ByBpanleHa~ 0832 )'TOO Z t - 

OOT0 
oooT 

oToo 
0862 1100 K'  - 

OOTO 
000I 

0100 
0844 T000 D 44 

0001 
OOTO 

OlOO 
0834 I-T00 M '  - 

0001 
OOTO 

OTO0 
0a64 1100 M 64 

000i 
0010 

0100 
0833 T100 S' -- 

0001 
001--f 

0T00 
0863 1100 B 63 

0001 
00T-l" 

0T00 
0e66 1100 S 66 

O00T 
0011 

0100 
Tpo~Hoe me444 0010 A 8 
BpameHne 0001 

i000 

0001 
qeTBepaoe q83344 00iT C T(twelve) 
BpameH~e 0T00 

1100 

Onepau~n 0100 
npaBnnbHoro 5 0010 L 5 
nenTaTona 0001 

0T00 
10 00T0 L' 10 

000I 
1111 
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Ecsin ABe r n n e p n a o c r o c T H  nepece ramTca  no  nao -  
c rocTn (rpaHn),  TO OHH o6paayrow ' r n n e p n a o c r n ~  
y r o a ' ,  Mepo~ r o T o p o r o  c a y x n w  ero  n a o c ~ n ~  y r o a ,  
onpeaesiaeM~,I~ ~IayMa n e p n e n a n ~ y a a p a M n ,  BOCCTaB- 
sieHI-IblMn n3 s i I 0 6 0 ~  TOqKH rpaHn B r a x ~ y l o  n3 COCTaB- 
s iaIomnx r n n e p n a o c r n ~  y r o a  nos iy rnnepaocrocTe~ .  
1-IsioCKOCTb 3TOI'O naOCKOFO y r s i a  6 y a e T  a6COJIIOTHO- 

nepneHani ;yaapHa* B aaHno~  Toqre  r rpaHn rnne-  
pnaocKoro  y r aa .  ~Ba  noc.rle)~oBaTeabHblX oTpa~eHn~I 
HeKOXOpO~t TOqKH~" B n e p e c e r a m m n x c a  r a n e p n a o -  
CrOCTaX 6y~yT a e ~ a T b  B n~OCKOCTH yKa3aHHOFO nao -  
c~oro  y rna ,  a CyMMapm, I~ peaysi~TaT aTnX aByx OT- 
p a x e n H ~  MOXHO pacCMaTpnBaTb raK Bpamenne  no ce6e 
B o r p y r  TOqrn O nsiOC~OCTH, a6coamTHo-nepneH)XH~y- 
aapHO~ r rpaHn runepnsiOCKOrO y r a a  B a a n n o ~  Toqre  
O. A6cosimTHo-nepneH~nry~Lqpnym naoc~ocT~ MOXHO 
npoBecTr~ qepea s i io6ym TOqry rpaHn r n n e p n a o c K o r o  
y r a a ,  TaK qTO B I~eaoM 3aecb nMeeT MeCTO Bpa/J2eHne B 
rnnepnpocTpaHcTBe. B peaym, TaTe n p n x o a n M  K one- 
p a m m  Bpau2eHna OTI-IOCHTesibHO naOCKOCTH nepeceqe- 
Hn~ ~Byx aepKaabnO-oTpaxammnx  r n n e p n a o c r o c T e ~ .  
3HeMenT CnMMeTpnH, COOTBeTCTByIomm~ aTO~ one- 
patron,  Ha3bIBalOT noBopOTHOff n:IOCKOCTmO (axis- 
plane)  ( M a n n i n g ,  1956), a a a  rpaTrOCTn o6o3aaqaeM 
ero  CnMBOaOM nn. rloBopOTHaa nsiOCI~OCTI~ MOXeT 
6BITB xo ro  n a n  laHOrO n o p a a r a  a 3aBtlCHMOCTH OX 
Bean,~nH~i r n n e p n a o c r o r o  y r a a ,  T.e. B roHe~moM cnere  
oT Beanqnm,  i e ro  naocKoro  y r a a .  H a  aTOT nocaeaHn~  
pemeTra  HaKaaa~,IBaer o rpaHnqenna ,  CBo~crBeHH~Ie 
npocTpaHcTBy aByx n3MepeHH~, T.e. OH MoxeT npn-  
HnMaT~, qeTt,Ipe 3Ha,teHna: 90, 45, 60 n 30 °. COOT- 
BeTcTBeHHO, noBoporm,  ie nsioc~ocTrI B {4} MOryT 6~,m, 
sinml, ~IeT~,ipex nopa)xKoB: 2-ro,  4- to ,  3- to  rI 6-ro (CM. 
T a 6 a .  1). Koop~InHaTHI, Ie OCn B nepm, ix aByx c a y q a a x  
ecTeCTBenHO Bl~I6paTl, raI;  nora3arIo  Ha pnc .2(a) ,  B 
ocTaBn/IlXCa - r a ~  Ha pnc. 2(6). 3neck, nos iyocn Xi n 
X2 siexaT B nsiocKocTn, a 6 c o m o T H o - n e p n e H a n r y a a p -  
n o ~  B Toqre O nOBOpOTHO~ naoc~ocTn X3X4. 

rIoBOpOTnaa naOCKOCTb 2-ro nopaaKa  - nn2 - Bpa- 
maeT naoc~ocT~ XaX2 Bo~pyr  TOq~n O Ha 180 °, 
npnqeM y r o a  M e x a y  X~ n X2 He o6a3aTesi~no npaMo~,  
n 6 o  nn2 M O ~ e T  cytt teCTBOBaTb n 6e3  n o p o x a a m m n x  
ee 3ep~am, rmix rnnepnaoc~ocTe~ .  9 T a  o n e p a t m a  BbI- 
pa3nTC~t nOaCTaHOBKO~: 

x~ x~ x3 x4 
X~ ~2 X3 X4 (3) 

nn4 noBopa~IrlBaeT naOCKOCTI~ XiX2 no ce6e Ha 90 o, 
nprI,leM ocrI X~ rI X2 3~ec~,, raK n B aByx c~Ie)Xylomnx 
cay~aax ,  aKBHBa~eHTm, I a o6a  HanpaBaen~a  Bpamenna  

* A6COJH-OTHO-IleprfeH/~HKy.a~pHI~MH Ha3t,~BaI-OT TaKHe ,tlBe 
IlepeceKalOliiiteca B TOqKe IIJIOCKOCTH) I<ax~/la~ JIHHHH OjIHOi~ 
rt3 HOTOp~,IX, rlpoxoja~mart qepe3 o6myi-o TOqKy, 6y,/IeT nepne- 
H~riKyJ]~pHa KaX~ofi ~HH~H ~pyroi~, npoxo~tamefi qepe3 3Ty 
x(e ToqKy. 

OTpaxenrm qbnryp~r COCTOnT n3 oTpaxeHa~ Bcex ee 
xoaeH, noaToMy 3~ec~ r~ a ~anbae~meM qbHrypapyeT XO~Ka, 
a me qbnrypa. 

- IlpaBoe n :ieBoe - paBHOBO3MOXO-IbI. COOTBeTCTBytO= 
mee npeo6pa3oBasr le  Koop,~II, IHaT 6yaeT:  

XI X2 X3 X4 
X 2 , e ~ i  X 3 . e ~  4 (4)  

B c~iyqae nn3 n nn6 noBOpOT npo~a3BOanTCa Ha 120 ° 
n Ha 60 ° COOXBeTcTBeHHO, ocrI Xx n X2 o6~,iqrlO m, i6n-  
pamTca n o n  y r aoM 120 °, HO HanpaB~ieHne npamerma  
OaHO~ rI3 aTrlX olIepamI~ 6yaew o6paTm,IM n a n p a -  
B3aeHHm BpameHrL~ a p y r o ~ ,  nocKoabry  n o a o x n T e a b -  
H~IM CqnTaeTca Bpameuae  B CTOpOHy HartMem, m e r o  
y r a a  M e x a y  a~anBaaeHTH~IMa OCaMn. COOTBeTCTBy- 
Iomne nOacTanoBKtI a.rIa nn3 n nn6 HMeIOT Bna:  

x~ xz x3 x4 
x~ I'~+i'~ x3 x4 (5) 

x~ x2 x3 x4 
x2 X~+X2 )23 X4 (6) 

E c s i n  n e p e c e K a l o T C a  TpI, I r H n e p n s i o c K o c T I ,  I, HOpMasiI4 

K KOTOpbIM He s i e ~ a T  B O)XHO~ H.rlOCKOCTH, TO OHH 

aMelOT o6myto  SIHHmO, r o T o p a a  Ha3l~maeTca BepmnH- 
m, IM pe6poM (vertex-edge) nnoc ro -Tpr l aapam,  Horo 
y raa* .  HocsieaoBaTem, Ht,ie oTpaxeHrla  nei;oTopofi  
TOqKH B 3THX T p e x  rnneplLrlOCKOCTaX onrIcb lBalOT n-  

yroabHtlK, ~Ie~ramn~ B rnnepnaocKocTn,  r o T o p a a  
nepnemxnI~yaapna BepmnHHOMy pe6py  n Ha3t,maeTca 
npaMblM ceqeHneM nsiocKo-TprIgapasit, Horo y r aa .  Pe- 
3ysibTaT 3THX Tpex oTpaxeHn~  MO~KHO paccMaTpnBaT~, 
Kai< Bpamenrle BoKpyr o6me~  rpaHa  mo6~,xx aByX 143 
rlCXOam,~x r rmepnaocxocTe~  ( o 6 m a a  r p a m ,  3aecb 
6yaeT nOBOpOTHO~ naOCKOCT~,IO) C n o c a e a y I o m n M  
oTpaxeHrleM B TpeTt, e~. H ecsirI ~IBe n3 Tpex 3epKaab- 
tib~x rnnepnnocKocTe~ MOryT nepeceraTbca  n o n  qeTbI- 
pbM~t BblIJ.Ie paCCMOTpeHHbIMn y r s i aMH,  TO T p e T b a  

r n n e p n a o c K o c T b  aO.rDKna 6bITb o 6 a 3 a T e a b H O  n e p n e -  

HanKyaapHa r nepBl, IM aByM. B npOTnBHOM cayqae  
6yaeM nMeTI, ~o6aBo,im, ie cBepx yra3aHm, ix Tpex 
3epKasibHb~e rnnepnaocKocTn,  HTO Tpe6yeT cneKnam,-  
HOrO pacCMOTpeHna. B nTore  HMeeM qeT~,Ipe HOBble 
'COCTaBHbIe' onepal i rm CnMMeTpnn -- BpameHne-oT- 
paxeHI4e - ,  COOTBeTCTByIOIILHe KOTOpblM 3.1IeMeHTbI 
CHMMeTpHH MOX(HO Ha3BaTla 3epKasibHO-HOBOpOTHI:,IMH 

n.llOCi~ocraMn la 0603Ha,-iaTt, CnMBOaOM ~n. T p n  ro -  
opjmHaTm,Ie ocn (X1,X2, X3) Asia onncaHna  aTrlx one-  
pamI~  t t eaecoo6pa3no  Bbx6paTl~ B~Om, m,u-In~ nepe-  

* rlnOCKO=Tptta~paYtbHbli~ y r o n  COCTOHT I, t3 Tpex n o a y n n o -  
CKOeTe~, nepeceHalomnxca no  pe6py,  no He nemamnx B O~nOii 
rIEIeprLrlOCKOCTH. 

x, ~ ct 

x~ 

x, xl 
(a) (6) 

Pac .2 .  PaI2HOHa.rlbHbIe CHCTeMbl Koop/IHHaT ~I'ISI onncarma 
noBopo'rablx naocKocTei~ (a) nn2 1,1 nn4 (~a~ nn2 yroa Mex,ay 
XI u X2 B o6meM cay,~ae He paBeH 90°); (6) nn, a nn6. 
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ceqeH~a Hamero n~IOCrO-TpHa)lpa~bHOrO y r~a  c npa-  
M~M ceqeHHeM (pHc. 3), a qeTBepTym ocb X4 - B~lo~s 
ero  a e p m n n n o r o  pe6pa.  YIycTs Ztas onpe~eaeanocTn  
rHnepnaoc rocTn  X~XaX4 H XEX3X4 nepece~amTcs noel 
o~IHmv! H3 BO3MOXHbIX yr~oB, o6pa3ya  nOBOpOTHym 
n a o c r o c T s  X3X4 TOrO HZH nHOrO nopa) l~a (OT qero 
3aBtlCnT BbI6op a), a rHnepnctocrocTb X1X'EX 4 ttM 
nepner~)IHKy~spsa, Tor~Ia coryiacno TeOpeMaM O nep- 
neu~ttry.rl~lpSOCTH (Manning ,  1956), BO-nepBblX, n.rIO- 
CKOCTH X 1 X  2 H X a X  4 6y~tyT a6co~mTno-nepnes~tnKy~a-  
pn~xMn, H BO-BTOp~Xx, y r o a  Mex~ty OCaMn X3 n X4 
a o n ~ e n  6~T~ npnM~M, r l p n  TarOM ~ x 6 o p e  ocefi ro -  
op)xn~aaT 3epicam, no-noBopoTm, m nnoc~ocTn ~n2, 3/74, 
31"l 3 H 3n6 o n n m y r c a  c~e)IymmnMu nOjlCTaHOBKaMH: 

Xl X2 X3 X4 
"eY1 z~r2 -'~3 X4 (7) 

x1 x2 x3 x4 
x~ ~ £3 x. (8) 

x~ x2 x3 x4 
X2 )71+X2 X3 X4 (9) 

x~ x2 X3 X4 
X2 X x + X z  -~3 X4 (10) 

]ISLq nepeqncaemIs~X 10-TH aJIeMeHTOB CttMMeTpHrI 
o6mrlM 6y]leT TO, qTO ace OHrt n p n  nepexo~e r TpeM 
n3MepeHHaM (qeTBepTaa r o o p ; m n a T a  CTaHOBHTCa ny- 
~eBofi) ~lamT no~nbxfi u a 6 o p  TpexMepnbxx ToqeqHblX 
aaeMenToB CHMMeTpHH. DTOrO y x e  HeT ~laa Tex axe- 
lVleHTOB Cl~IMMeTpHH B {4}, gOTOpbm COOTBeTCTBytOT 
pe3ysmTaTy oTpameHH~t a qewb~pex nepeceraK)mI~XCa 
B Toqre rr tnepnytocrocTsx,  HOpMa~In g KOTOpbIM 06- 
paBymT Tar  na3bmaeM~,~ TeTpa3)IpoH)IaabHbIfi yro~t*. 

* TeTpaa~poa~tam, m,I~ yron o6pa3ymT mo6~,m qeTb~pe 
rmaepn~ocKocTa c o6me~ TOqKOI~, HO He anHae~; am6bte 
qeTb~pe noziy~_~HH~, npoBe~eHHbie ~3 TOqKH H He a e x a m a e  
B O~HOR rmaepH~ocKocTH, ~IBYI~I1OTC$I pe6paMH TeTpa3~po- 
H~a~bHOrO yraa.  

P~c.3. Pam~oHa.ru, Ha~ C~CTeMa roop~I~HaT /Ia~ On~CaHH~ 
3epram, Ho-no~opoTm,~x nJmcrocTe~; yros~ e MO~eT 6~IT~, 
~m6~,~M ~Ia~ 3n-~, pa~m,~M 90 ° ~IJm 3ni ~ pa~m,~M 120 ° 
~aa 3n~ a 3n~. 

x~ 

P~c.4. Hp~Moyro~na~  CaCTeMa Koop~rmaT B {4}. 

Y noc~e~Hero ILIeCTB rpaHefi MO)rHO npe~cTaBnTb r a t  
TpH napbI npOTnBOnOYIOXHBIX, v.e. BcTpe~IammHxca 
Tom, r o  B Bepmnae yr~Ia H, B o6meM czIyqae, ne a6co-  
ZimTi-io-nepneH~nI<ynapH~,~x nnocrocTefi .  Ecsm ro -  
Op~HHaTHylO CnCTeMy m,I6paTb Tar, 'aTO r a ~ a a  oct, 
6y~teT nopMam, ro r rHnepnnocrocTrI ,  o6pa3oBaI-Inofi 
TpeM~ ~pyrHMrI OCaMH, TO nosIyqnM npaMoyrom,  rlylO 
CnCTeMy (rec tangular  system) (pnc.4) ,  B I<OTOpOfi Tpn 
nap~,I npoTnBOnOSm~m,~x nsmcrocTefi  a6COmOTHO- 
nepneH) ln~y~pm,L  Hocae~loaaTe~bHbm oTpaxeHaa  
TOqKH B TaKHX qeTblpex rHnepnnocrocTax  CO3~IatOT 
qbHrypy B rnnepnpocTpaHcTae,  n CyMMapI~Ifi pe3ym,- 
TaT 3TnX owpa)KesI4~ MO)KHO npe)ICTaBnTb, BO-nepBbIX, 
r a t  COBOKynHOCTb O)IHOBpeMeHHbIX Bpau_tesm~ Borpyr  
~K)6Ofi napbI a6co~irOTHonepnes~IHKy~upm,~x n ~ o c r o -  
CTefi -- TaKa~ onepatiHa na3bmaeTca ~ByBpa~enHeM 
(double  ro ta t ion) ;  BO-aTOp~,IX, raK coaorynHOCTb ~By- 
Bpamennu Borpyr  KaKOfi-TO O)IHOfi nap~,~ H BpamieHH~t 
n o p ~ I r a  Bb~tue BTOpOro a o r p y r  rpanH, sB~ummefica 
o6ttlefi nepneH)iHry.rI~pHo~ nJ~OCKOCTBIO K COCTaB.q~t- 
tOIIIHM 3Ty napy  a S c o m o T n o - n e p n e H ~ n r y ~ p m ,  Iu  n~O- 
CrOCT~IM, H HaKOHeII, t a r  COBOrynHOCTb ~(ByX ~IByBpa- 
meHH~ n o p ~ r a  B~,~me BToporo Borpyr  mo6~,IX )~ByX 
nap  aScoamTno-nepnes~mryaupm,~x nYIOCKOCTefi. 1-[o- 
c~e~iHrIe )IBa Tuna onepatmfi  MO)KHO 6BIJ-IO 6IaI Ha3BaTb 
mpo~mbl.,Vt H ttemeepnb,.~ BpaH~eHHeM. I-I~ITH-H IHeCTH- 
Bpamenr~  nops)xra  B~tue aToporo  B npaMoyro~sno f i  
CHCTeMe He ~alOT HOBBIX 3JIeMeHTOB Cl~MMeTpHtt, T.r. 
B aTOM c~yqae Tpn noBopoTnsm nnOC~OCTH 3aM~ma- 
mTCa B TpexrpaHH~Ifi y ron ,  ~exam~f i  B rHnepnzoc~o-  
CTH. H a  3YleMeHTBI CHMMeTptttt B yKa3aHm,~X Tpex 
BO3MOX(HBIX coqeTaHnaX Bpau2eHHa pemeTra  ['CO- 
CTOaHHe pemeTrH' no  Be~oBy (19516)] n a r z a ~ m a e T  
onpe~e~eHH~ie orpaHnqeHHs. K a r  yra3bIBa~OCb, no-  
BOpOTnb~e n~ocrocTn,  n o p o ~ a m m n e  o n e p a u m o  ~By- 
BpameHHa (O603HaqHM ee CHMBO~OM 3e), MOryT 6S~TS 
~ntUb qeTbIpex nops~KOB: nn2, nn4, nn3 H nn6; H no-  
CKO~bry B onepauHa ~ByBpatReHH~ OHH He CBfl3arrb~ 
~pyr  c ~pyroM CnMMeTpnefi 6o~ee BbICOrOfi qeM 
BTOpOFO n o p ~ r a ,  TO BCeBO3MO~HBIe coqeTaHl~q HX 
Mem)~y co6oIo  ~a~yT nOnH~fi n a 6 o p  onepaum~ ~ y -  
BpaIJ2eHH~, qHC~IO KOTOpb~x paBHO ~eC~TH: 

1. 6)622 6. 6)634 
2. 6)642 7. 3e64 

3. 6)632 8. 0633 

4. 6)662 9. 6)663 

5. 0e44 10. 0666 

BI, I6paB CrmTeMy roop~mHaT, t a r  n o r a a a n o  na  
pac.  5, r~le o6e nZOCrOCTH a p a m e n a ~  X1X2 rt XaX4 
a6co~mxno-nepneH)mKy~apm,  I ;apyr ~lpyry, a n ~ o c r o -  
CTHt,Ie yrJIbI ~ n fl npnHnMaIOT 3HaqeHtt~I, 3aBHCamne 
OT n o p a ~ r a  BpameHna npOTnBOnO~O~HO~ n~ocrocTn,  
noayqaeM c~e~tyromne nojlcTaHoBrrt ~l~a yra3anrmIx 
10-Tn onepa tm~  CaMMeTpna: 

X 1 .X" 2 X 3 X4 

A~I -~2 £3 £4 (11) 
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Xl x2 x3 x4 
X2 )71 )?3 )?4 (12) 

z, x2 x3 x4 
X2 )?x+)?2 )?3 )?4 (13) 

~ z2 I"3 x4 
.~2 X~+X2 )?3 )?4 (14) 

~v~ a'~ x3 ;c4 
X2 X~ Xa )73 (15) 

a'~ x2 x3 x4 
X2 )?~+)72 X4 )?3 (16) 

x~ x2 x3 x4 
)?z )(1+)(2 )?4 X3 (17) 

~, x2 x3 x4 
X2 )71+)72 X4 )?3+)?4 (18) 

x~ x2 x3 x4 
)?2 Xx+X2 X4 )?3+)?4 (19) 

Xx x2 x3 x4 
?~ Xl+Xg )?4 x3+x4 (20) 

Hpn TpO~HOM BpameHnr~ - B o r p y r  )IByX a6COHmTHO- 
nepneH)in~yHnpHblX n2IOCKOCTe~ XIX2 H )(3)(4 I~ nx  06-  
mef i  n e p n e m l n K y H n p a o ~  nHOC~OCTn )(1)(3 (pnc.  3), B~X- 
6 n p a e M o ~  n3 qeTBepKH '~OKOBbIX' B 3aBHCHMOCTtt OT 
HanpaBHeHnn BpanlesHn B nepB~X )IByX, -- nopn) lo~  
o6eHx ~IByBpa~aIOttlHX nHOCKOCTe~ ~IOH~KeH 6b~Tb 
O)~nnaKOB, T.K. TOHbKO n p n  '~OKOBOM' BpaLueHHH no -  
p ~ r a  BbIn/e BTOpOFO MOFyT noHyqttTbCn HOBbIe 9.rlC- 
MenTbI CHMMeTpHH. TaKHM o6pa3oM,  r~3 10-TH 2IBy- 
BpameHr~fi aCnOH~3yrOTCn Hnm~, TpH: 6)a44, 6)a33 H 6)a66. 
'BOKOBOe' BpanlesHe  MO~KeT 6b~Tb TOHbKO qeTBepToro 
nopn)Ira, T.~. ~ByBpama~omne nHOCrOCTn Bcer)~a a6- 
COH~OTHO-nepnen)IHKyHnpHbI. CoqeTaHue c)a44 ~ nn4 
'6OKOBO~' co3)IaeT HOBbI~ aHeMeHT CHMMeTpHH BOCb- 
MOrO nopn)xra, rOTOp~,I~ MO~HO 6~,~HO 6~,~ o6o3HaanT~, 
CHMBOHOM t/6444. 1-lpr~ B ~ 6 o p e  roop)xrmaT, raI~ Ha 
pnc .6 ,  c yrHOM ~ paBm,~M 90 ° ~Hn 3TO~ o n e p a u n n  
HMeeM npeo6pa3oBaHne: 

XI X2 X3 X4 
X2 X3 -X'4 S l  (21) 

HanpasHeHne BpameHnn ann nOBOpOTH~X nHocro-  
CTe~ 4 - to  n o p n a r a  MO~eT 6~T~ BsI6paHo nponaBOH~- 
H~M; M e n ~  aTO HanpaBHeHne B aByBpamammnx nHO- 
C~OCTnX na o6paTaoe  n nepe6npan  sce  ~eT~pe  '6oro-  
B~e'  nHoc~ocTn B ra~ecTse TpeTse~ nOBOpOTHO~, no-  
HyqaeM npn  aTOM HeH3MeHHO onepattnro 8-ro nopaara .  

PaccMaTpnaa~ coqeTanne c)a33 c nng, o6pamaeM 
BHnMaHne Ha TO, qTO npn  yrHe a, paaHOM 120 °, ' 6oro-  
san'//17 4 He 6y)leT roopannaTHofi  nHocrocTbm (pnc. 7); 
HHHHH nepeceqeHnn ee c ~ByBpamaromnMH nHocro- t t CTaMr! X~X2 n X3X4, roTop~ie 060aHaqen~! XI n Xa, 
06paaymT c OCaMrt X~ n X3 COOTBeTCTBeHHO yrm,~ B 
30 o. H306pa3nBmn nHTepecyromae Hac nHOCrOCTn no 

MaHHItHI'y (Manning ,  1956) (T.e. OCn - TOqtCaMH, nHO- 
CKOCTI4 -- HHHHnMH H T.~.), Ha OT)IeHbHOM pHC. 8 BI4)IHM, 
qTO, nOCKOHbKy rlYlOCtCOCTH X~X" 3 I,I X2X 4 a6COHtOTHO- 
nepnen)lnKyHnpHbi,  nHOCKOCTb X1X3 6y~leT I~3OKHHH- 
HOH K HHM o6eHM. COFHaCHO TeOpeMaM O TaK na3bI- 
BaeMOM HaOKHHHHOM Bpaules t t r i  (Manning, 1956), ocb 
X 1 CMOh~eT COBMeCTHTbCn C X 3 TOHbKO B cHyqae O~HO- 
BpeMeHHOrO OanHaroBoro BpameHnn BoKpyr nHOCKO- 
CTe~ X~X" 3 n X2X 4. 3TO 03HaqaeT, qTO ~H~ 6)033 , paBHO 
KaK H ~Hn t)a66 , HeBOaMO~HO T p o ~ n o e  BpameHne,  HO 
~onyc~aeTcn  qeTBepHoe, T.e. COBOKyHHOCTb ~ByX /IBy- 
BpameHn~, a nMeaHO : 0a33 + 0a44 n 0a66 + 0a44. B 0 6 0 n x  
aTHX cHyaanx rlOnBH~leTcn HOBbIH aHeMeHT CHMMeTptlH 
12-ro nopn~l~a, KOTOpbI~ MO~KHO O6OaHaanTb C~MBO- 
~OU Ua3344. 1- Ipeo6pa30Banne  r o o p ) I n n a T  ~lHn COOTBeT- 
CTBy~omefi o n e p a t m a  6y~leT (pac .  7) B cHyaae c)a33 + On44 

x, x= x3 x4 
X4 )~3+X4 X2 X~+X2 (22) 

HHH ~.l-I~l 6)666 -a t- 0//44 

Xl X2 X3 X4 
"e~4 X3"[-X4 X2 g l  -~- ~ (22*) 

/~JIn HOHHOTbI o63opa aHeMeHTOB CHMMeTpHH, CO- 
OTBeTCTBytOIJ2HX oTpa~eHHnM B qeTbIpex uepeceKa-  
touiHxcn B TOqI(e FHHepnHocI¢OCTnX, cHe)XyeT pac- 
CMOTpeTb coqeTaHHe 0e44-b0e44, HO HeFKO noKa3aTb, 
qTO aTO qeTBepHoe Bpau_teHHe CBO~HTCn K ~ByBpame-  

X, 13 

PHc.5. PaUHoHa~bHa~ CHCTeMa KoopjIHHaT ~tn~ OHHCaHH~ 
~syBpamean~; ~ rl fl Moryr 6bIWb mO6bIMa, paBHblMn 90 ° 
Hna 120 ° B 3aBHCHMOCTH OT Hop~I~KOB ~ByBpamarotunx 
IIYlOCKOCTe~. 

2; 

a 

Pac. 6. HYI~rOCTpauHg K BblBO~y 3~eMeHTOB CHMMeTpHH 
rnacca TpO~HblX BpauleHI~. 

% 

PHc.7. Pa~HoHanbHa~ CHCTeMa Koop~HHaT ~ qeTBepHorO 
BpameHn~. 

A C 2 4 A  - 4 
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n n m  3e44 aoKpyr TpeTbe~ naps~ a6coaroTno-nepne-  
H~l~tKy~apnb~x nJ~OCKOCTe~ n, TarI4M o6pa3oM,  He ~IaeT 

HOBbIX 3YIeMeHTOB C14MMeTpHH. 
~ a ~ e e  neo6xoa14MO pacCMOTpeT~ o T p a x e n n e  TO~14 

6oaee  qeM B ~eT~xpex nepece~ammnxca  B T o , r e  rnne-  
pnYIOCKOCTaX, nMea B a14ay :ii, im~, 14CXOaHble r n n e p n a o -  
CKOCTH, HO He npOn3BO~IHbXe, a O 3 H n r a r o m n e ,  n a n p n -  

Mep, rip14 nepeceqeHn14 r14nepnaocrocxefi  n o r  yr~aMn 
45 °, 60 ° 14 30 °. CTporoe  paccMoTpeHne Bcex BO3MO- 
XHmX coqeTaH14~ 3epraa~H~X r n n e p n a o c r o c T e ~ ,  nepe- 
c e r a m m n x c a  B ToqKe, MOXeT 6~ITb npoBeaeHo c no-  
Mom~,m rnnepcqbepmiecrnx npoeKxm~, qTO BbIXO~IHT 
3a paMr14 HaCToamefi pa6oT~,I. M~,I orpanw~nMCa reo- 
MeTpnqecrofi  nHTepnpeTaunefi nos Iyqammnxca  rip14 
aTOM ~ByX nom,xx aaeMenToa C14MMeTp14n 5-ro 14 10-ro 
nopmlKoa (no Xapsm - L rI L').  CymecTaoBaune aTnX 
3 a a e p m a l o m n x  nom,x~ c n n c o r  ~ayx onepa tm~  Tecno 
CB~13ano c qeT~,ipexMepm,iM aHas~oroM TeTpaa~pa - 
npaa14smnUM neHwaa~IponaoM (no Mann14nry, 1956) 
14~m, rat  ero  Ha3bxBaK)T cospeMenm,Ie aBTOpb~ (Mac-  
kay  & Pawley,  1963; 3aMop3aea n I2e~rmOBCrn~, 1967) 

- C npaB14m, m,~M nenTaTOnOM (regular  penta top) .  OH 
nosIy~IaeTca 143 'npaBnm, n o r o '  TeTpaa~pon~am, n o r o  
yrsm, T.e. Ta ro ro ,  y r o T o p o r o  Bce rpanm,  m y r a u  
paBHbI 60 o 14 pe6pa  - 3KB14BaJIeHTHbI, ecan  na  nocae-  
~IH14X OT310>K14Tb O)114HarOBble oTpe3r14 (B qacTnocTn, 
TpaHcaat~rm) 14 KOHIKbl [IX (y351bl pemeTK14) coe~IHH14Tb 

"r-- '  
3O 

x, ~o-~_._[ 
3O 

x; x; 

9o 

Pnc. 8. HnamcTpauna r jIoKa3aTen~CTBy HeBO3MO:~HOCTtt 
TpO~HOrO Bpamenrm 334 a 664. 

X~ 

)(4 . . . . . . . . . . . . .  X= 

P~c.9. H~ocroe  ~3o6pa~en~e npaB~a~aoro ne~TaTona. 

JI14H14IIM14 (p14c. 9). Y npaB14m, n o r o  neHTaTona n~Tl, 
BepUlHH, Kax~Iafl tt3 KOTOpbXX ~IB.rI~IeTC~I BepIiII4nO~ 

'npaa14asHoro'  TeTpaa~tpon~a.abHoro yr~a.  BbmoTo~ 
nesTaTona  6y~IeT nepneH)Inry~ap,  o n y m e s m , ~  n3 
am6of i  Bepmnm, i (nanpnMep i) Ha npoT14BOnO~oxHym 
r n n e p n a o c r o c T b  n nepece ra romn~  ee B TO,~re O',  
IIeHTpe T~t~eCTH o n p e a e a a m m e r o  3Ty rnnepn~ocKocT~, 
weTpaa~Ipa XIX2X3X4. Bce naTb B~mor nenTawona ne- 
pece~a~oTca B O~IHOfi TOqKe O, roTopa~  ~BSIaeTC~I 
IIeHTpOM T~I~eCT14 nenTaTona I4 IIeHTpOM r14nepcqbep~, 
OnnCaHHOfi ao~pyr  nero ,  npnqeM pa)~nyc r14nepcqbep~ 
paaen  ~ B~XCOT~ neHTaTona, qepe3  UeHwp nenTaTona 
npoxo~IaT n~ITb 3KBHBaJIeHTHbIX HanpaBaeHn~ - OX1, 
OX2, 0)(3, 0)(4 ~ Oi (pnc. 9), He : I e~amnx  B o~nofi  
r14nepn~IOCKOCTn; ~Io6me qeTb~pe n3 nnx MOryT 6bITb 
m,I6paHbX B raqecTae Koop~lnHaTHblX oce~. EcIIn Ho- 
YlO)KHTeJIbHblMH CqHTaTb nanpaB~eH14fl ocefi  OT tteHTpa 
K BepmnHe,  TO nflTa~ OCb CBfl3aHa C nepBbIMn qeTbxpb- 

M~I csle)Iylottt14M COOTHOIMeHHeM: 

i= -(Xl  + X2+ X3+ X4) (*) 
~KBHBaJIeHTHble OC14, eCTeCTBeHHO, ~[OJIX(HbI 6bITb 

cBa3anbi CttMMeTpHqHbXM npeo6pa3oBaH14eM c coxpa-  
HenneM onpeae~enHoro  tt14Ky~14qecI¢oro nopa~tra,  B 
~IaHHOM c~y~ae 3TO 6y~IeT cae) lymmee:  

XI Xz X3 X4 i 
)(2 )(3 )(4 i )(1 

OT6pOC14B rfflTylO OCb I4 3aMeH14B ee COOTnomen14eM 

(*), rIo.rlyq14M : 

Xl X2 X3 X4 
X 2 X 3 X 4 X1 "-}- .,~2 "-}- A~3 -[- X4 (23) 

~TO - -  o n e p a u n a  L (no Xapan) .  
Ana~or14,~Haa KapT14na xapa rTepna  ~Iaa npocTpa-  

nCTB 2-X rI 3-x naMepenn~, ec~n 14cxo~rmle arBrma.rie- 
HTHLm OCn BanTU no)I y raoM 60 ° n o6pa3ymT B {2} 
nsIOCrnfi yro~,  3aMbiKalolaln~ca Ha npaBnsmrm~ Tpey- 
rosIbnnK (pnc. 10a) 14 B {3} -- 'npaBnm, m,ifi' Tpexrpa - -  
m,i~ y roa ,  3aMJ, i rammm~ca  na  TeTpaa~p (pnc. 106). 
IIeHTp~,I TaXeCTn o6enx  dpnryp aB~IarOTCa IlewrpaMn 
onncaHm, ix orpy~HOCTn (a) n cdpept,i (6), a pa~myct,i 
nocae; Innx,  nanpaBaenm,m OT UeHTpa r BepmnnaM, 
o6pa3ymT B O6OnX c~yqaax arBnBa.aeHTm,xe ocn,  qncao  
KOTOpblX Ha e)InnnIIy  6ore, me q n c a a  n3MepeH14i] 0IJ/n- 
na  pa~myca B (a) COCTaBaaeT ~ m,mOTt,I, a B (6) -- ¼ 
BbXCOTbI). 'fIHI.HHII~I' OCb i CB~I3aHa C OCTaJIbHlaIMn CO- 

OTHOILIeH14StMH : 
B {2} i=-- (X,+X2)  

n B {3} i = - ( X I + X 2 + X 3 )  

CItMMeTpttqnble onepalm14, CB~I3blBaIOIIIHe 3KB14BaJIe- 
HTnble OCH, 3an14CblBalOTC~l csle~iylomnM14 MaTpttllaMII: 

1:11) 0 B {3} T 



T. C. KVHIAEBI/Iq H H. B. BEYlOB 49 

HepBy~o MO)KHO pacCMaTpUBaTS raK 3-ro nops~tra 
Bpamenne nnoc~ocTn no ce6e Borpyr  TOqrn, ne o6~- 
3aTen~,HO aB~Iammefic~ y3~OM pemeTrH; BTOpym - 
ra~  BpameHne 4-to n o p n a r a  rnnepnaocKocTn no ce6e 
Borpyr  TOqI(I4, He o6n3aTeabno y3aOBOfi. Ecnn me 
~/enTp BpanlenHa CTaHOBHTCa y3nOM pemeTrIL TO 
q~CaO 3~BnBaaeHTH~X oce~ yaBanBaeTca, qTO B {2} 
ae~leT r nOaBnennm y~lBOeHUOrO, 6-ro, n o p a n r a  Bpa- 
m e H ~ ,  no B {3} Bce BOCeM~ ocefi CBa3~mamTc~ Bce 
TOil ~re onepaunefi - 3epra~bn~XM BpameHneM 4-ro 
nopa~lra. B {4} Mar~aeM n H o a n  (Mackay  & Pawley, 
1963) oTrp~iTa pemeTra,  B rOTOpOfi UeHTp npaBnn~- 
HOFO IIeHTaTOIIR CTaHOBHTC~I y3JIOM peLLIeTKIt, qTO, KaI( 

n B {2} Be~leT r y~lBOeHnm 3rBnBaaeHTH~X ocefi c no- 
aBaenneM HOBOrO aneMeHTa CnMMeTpnn 10-ro nopa-  
~l~a (L') ,  COoTaeTcTBymmee npeo6pa3oBanne ro-  
opannaT 6yaeT 

Xl X2 X3 X4 
.'~2 .eY3 Y4 Xlq-X2ql-X3-dl-X4 (24) 

Onepa tmm CHMMeTpHH 5-FO nopa~ua  MO~HO npe- 
~CTaBHTb KaK pe3y.rIbTaT ~eHCTBH~I 20-TH nepeceKa- 
iOHIrtxc~ B IIeHTpe neHTaTona  IIOBOpOTHt,IX rI~OCKOCTe~ 

TpeT~,ero nopa~Ka. Ka~ rH~HO H3 pnc. 9, zm6a~  B~ICO- 
Ta neaTaTona, HariprIMep iO', nepece~ammaa tteHTp 
npOTnBOnOnO~rHoro TeTpa3~tpa B T.O' o6pa3yeT c 
ra)r~ofi  H3 qeT~pex, npoxo~flm~x qepe3 T. O' TpOfiH~XX 
oce~ TeTpaa~pa n~OC~OCTb, ~oTopaa ~ a  OCTaBmHXCa 
Tpex TpO~UbIX ocefi 6y~eT HOBOpOTHOfi naoc~ocT~m 
3-to nopan~a,  qepe3 ra~rnym BeptunHy neHTaTOna 
IIpoxo)~HT 4 TaKHX HOBOpOTHblX HYlOCKOCTH, a qepe3 
ttenTp -- 20. 1-Iocroabry B TeTpa3~pe Hapa~y c Tpo~- 
H/alMH OCaMH HpHcyTCTBymT Tpn OCH BTOpOro no- 
p a ~ a ,  TO B neHTaTone 6yneM Ha6nm~aT~ eme 15 nO- 
BOpOTH~IX nnocKocTe~ 2-to nopnn~a. COBO~ynHOCT~ 
Bcex 3THX 3J/eMeHTOB CHMMeTpHH IIpOH3BO~HT 24 3JIe- 
MeHTa CHMMeTpHH 5-I"O n o p a ~ r a  (qHCZO BceBo3MO~- 

m,~x nepecTaHOBOK H3 qeT~tpex He3aBHCHM~IX ~oop~H- 
HaTH~IX ocefi, ~nH 4!). B 3aBHCHMOCTH OT CHMMeTpHH 
TeTpa3~pa H ero ttenTpnpOBaHHOCTn, a TaK)re OT 

I~eHTpHpOBaHHOCTH neHTaTona no ,Hag  rpynna  ero 
3neMenTOB CnMMeTpHH 6y~eT pa3nnqHOfi (Hurley, 
1951). MarcnMan~Haa CHMMeTpHa petueTKH npaBHa~- 
HOFO tteHTprtpOBaHHOrO neHTaTona  npHBe~eHa y M a r -  
r a a  H HoaH. 

2. Pemex~n I~pan3 n {4} 

MaKKafi ~ YIozH (Mackay  & Pawley, 1963) OCHOB~I- 
BaaCb na pa6oxax  Fypca,  FepMana, Xapan ,  B~mean 
52 pemerr r t  Bpaa3 (TpaHcnmmOnHbie rpynnbi) B {4}, 
He yTBep~aaa, OaHaKO, nOaHOrbI cBoero cnncKa. 
3aMop3aea n IlernHOBCrnfi (1967) yWOqHnZH 3TOT 
cnncor ,  ~O6aBnB nponymenHyro uenwpnpoBannyro pe- 
meTKy [(0½0~)(½0½0)(~2-k-~)] [wnna No. 4 (Mackay  & 
Pawley, 1963; 3aMop3aeB n ~eKnHOBCKnfi, 1967). Ho-  
ZtaBnammee 6OabtUnHCTBO pe tue ro r  BpaBa B {4} 
BblBO~[~ITC~I, B COOTBeTCTBHH C y r a 3 a n n a M H  aBTO- 

pOB yHpoIJAeHHblH, TaI< Ha3blBaeMblM 'CHHTeTttqecKHM' 

MeTO~OM, T.e. I( H3BeCTHblM 14-TrI petueTraM ]3paBa 
B {3} ~to6aBnaeTca qeTBepTaa He3aBnCnMaa roop-  
)IHnaTa rt nepe6HpamTca Bce BO3MO>KHble BapHanTbI 
B3aaMaOrO pa3MeuAenng 3KBHBa~eHTHbIX n He 3KBHBa- 

YleHTHbIX oce~ .  qeT~,~pe TpaHcYlgLtHH, He ~ e ~ a n t H e  B 
O~HO~ rHnepHnocKocTH, o6pa3yroT 3~eMeHTapHym 
aqefi~y B Bn)Ie rnnepnapanne~ennne~ia,  orpaHnqnBa- 
romero HeKoTopb~fi rnnepo6~eM aeT~pbMn napaMrI 
HpOTHBOIIOJIO~:HblX paBHblX napa~aenennne~oB. 1-lpH 
B~mo~e pemeTo~ BpaB3, o~Haro, HeT Heo6xO~HMOCTH 
onepnpOBaTb nonnofi  azeMenTapHofi aqefirofi, a dO- 
CTaTOqHO pacCMOTpeTb TeTpaa~pon~ta.abHb~fi y roa ,  O6- 
pa3oBaHm,I~ qeTbIpbMa HCXO~HblMH TpaHcYIgttaMH, C 

ero meer~m rpaHaM~ n qeTb~pbMg rnnepnnoc~ocTaMn. 
Hcxo~H~m Tpancnatmn, o6pa3yromHe roop~nHaTHyrO 
CHCTeMy, B~6HparoTca B COOTBeTCrBnn C BbICmefi CHM- 
MeTpHefi ~aHHOfi pemeTKn. HanHqne B {4} cno~rH~X 
aneMeHTOB CHMMeTpHH (nanpnMep, aneMeHTOB 5-to, 
8-to, 12-ro nopaztrOB) npHBO)~HT r noaB~eHnrO Tpa- 
HCn~tmOHH~X pemeTor,  He ~Meromnx TpexMepH~IX 
aHa.rlOrOB. 

x3 X2 

N 

1 
(o) 

(6) 
P~c. 10. ~]~ByXMepal, Ii~ (a) a TpexMepabI~ (6) aHanora rlpaBi4abHoro l:leHTaTorla. 

A. C 24A - 4* 
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I/IccJIe~ioBaHI4e ~IoIIyCTIaMO~ IIeHTpHpOBaHHOCTH 
npnMnTnBUSlX pemeTor B {4} ~OCTaTO'mO npocTo npo- 
Bo~lnTca cnoco 6OM, npe~t~IomenHl~M BeYIOBbiM (19516), 
B OCHOBe KOTOpOFO JlexnT yqeT BO3MOmHOCTH He 
nonHoro OXBaZa y3~OB pemeTKn napaz~e~ennne~a~B- 
HO~ CnCTeMO~ C oIIpe)IeYieHn/~IM o6pa3oM qbnKcnpoBas- 
HIaIMH OC~IMH. ~r~O~HO npn 3TOM nOJlb3OBaTbC~t He- 
CKOJIbKnMH TeopeMaMn - O60~HLeHH~IMH COOTBeTCTBy- 
tomnx TeopeM TpexMepHoro npocTpaHCTBa. 

Teopema 1. I_[eHTpnpoBaHne ~tByX rpaHefi TeTpa9- 
~tpon~a~u, Horo yr~a,  nepeceKalomnxca no pe6py n, 
c~e~oBaTeJ~,HO, ~emamnx B o~nofi rnnepn~ocKocTn, 
~IMeeT pe3yYlbTaTOM ttertTpnpoBaHne TpeTbe~ rpaHn, 
npnna~aemamefi  TOil me rnnepmlocrocTm 

Teopema 2. IIeHTpnpoBaune ~IByX rpanefi TeTpa~- 
~ipon)~aa~,Horo y raa ,  nepecerarotunxca TOa~KO B Toare 
rI, CYle~tOBaTeYlbHO, He s lexamnx B OZUaOfi rrlneprlocKo- 
CTn, onpe~tenaeT rnnepnpocTpascTBeoooe IleSTprtpo- 
BaHite 3YleMesTapHofi ~qe~Kn. 

C.aec)cmeue. Ecnn IlenTprlpoBaH~i Tpn He ~emamne 
B o~nofi rnnepnaocrocTn rpamI  TeTpaa~pon~laa~Horo 

al / xl a2 
Pnc. 11. MeTpnqeci~  TeTpaa~tp. 

yraa ,  TO 6y~IyT IIeHTpnpoBaHbI Bce IHeCTB rpanefi  H, 
raK cJIe)lCTBtte, rnnepo6~,eM. 

Teope.~a 3. IieHTpnpoBasne ~IByX rnnepn~ocrocTefi  
weTpaa2tpon)Ia~bsoro yrJIa Be~IeT K IIeHTpHpoBasnIO 
rpanu,  npOTUBOIIO~OXHOfi nnocrocTn nepeceqeH~La 
3TnX ~tByX rnnepnnocKocTefi. 

Flpu~ettanue. Ec~n nepeceKaromnecz runepnnocro-  
CTH nMetOT rercaroHaabHS~fi 6a3nc, ~onycraromHfi 
Ylnlilb )IBO~HyIO IIeHTpIIpOBaHHOCTb rnnepn~ocKocTn,  
TO rpam,,  npoTnBOnOaOXHaa nx o6mefi rpaHn, ~to~m- 
Ha 6bITb Tar~e  ~ B a x ~ I  IlesTpnpoBaHa. 

~OKa3aTe~bCTBa 3TnX TeOpeM MOmHO npoBeCTn 
MeTO~IOM npoeKImfi Ha rnnepn~ocKocTb B)lOJIb TOil 
ruin nHO~ ocn, KOWOpyto MbI ilpnHnMaeM 3a 'tmeTHyrO' 
(BeaoB n TapxoBa, 1956), T.e. y3a~,  pacno~omeHH~ie 
ua ½ wpaHc~I~ttnn B~IOm, nee, 6y~yw npoerTnpoBaT~,Ca 
Ha rnnepn~ocKocTb ~lpyrnM IIBeTOM IIO cpaBHeHrlrO C 
y3~IaMrt, pacnoJIomeHHb~Mn no 0 n 1 (cKameM, 6eYlbIU 
I4 qepSblM). B pe3y~bTaTe MbI )loJImHbI IIO~yqnTb O~IHy 
n3 36-Tn qepHo-6e~,IX (]~eYlOB, HepOHOBa n CMnpHOBa, 
1957) TpexMepnblX pemeToK ]3paB9 [He cqttTa~I MHO- 
rottBeTH~X (Mackay  & Pawley, 1963)]. O)InH ri TOT 
x e  y3ea B {4} MOmeT 6blTb B npoer tmn Jm6o 6eJISlM 
(aopMa~,m,~M), aU60 nepm,~M (IIBeTHSIM) B 3aBrlCla- 
MOCTn OT m,~6opa 'IIBeTHOfi' OCn. T a r  y3ea B laeuTpe 
rpann  TeTpa3~pon~aa~Horo y r a a  )IaCT Zn60 6eas~fi 
y3e~I B tteHTpe rpaHn TpexMepnofi pemeTrn, JIn6O 
nepH~fi -- B tteHTpe pe6pa;  I~eHTpnpoBanHOCT~, rrme- 
pnaocrocTn B {4} ~laeT B {3} an6o  HopMasmnyro 
IleHTpnpoBaHHOCT~, no O6~,eMy, an6o  ttBeTHylO -- no 

(oooo) (oooo) (½½oo) (oooo) (.~oo) (oooo) (H4o) 
(a) (6) (½o½o) (o½½o) 

(0000) (~00) 
(½0½0) (½00½) 
(0½½0) (0½~) 
(OOHO ('!~) 

(a) 

(oooo) (H-oo) (oooo) (-!.}oo) (oooo) (H-HO 
(oo!~) (H--'~) (½o~ (oH-~) ( ~ ) 

(e )  (.wc) 

Prlc. 12. BOCeMB pOM6HqeCKrlX ~IeTblp~XMepHblX pemeTOK BpaBa, n3o6paxeHn~Ie rlocpeJICTBOM MeTpnqecKoro TeTpaaJlpa. 
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r p a n a ;  H HaKoHelI, y3e~I B ]/eHTpe rrmepo6~,eMa )~aCT 
rIpn YItO6OM B~I6ope 'IIBeTHO~' OCrI qepHbIfi y3e~ B 
~eHTpe o61,eMa TpexMepHofi petHeTrm 

FeoMeTpriqecri~ MHorne pether~rt  BpaBa y~O6HO 
rI3o6pa:~awr~ B Bn)le TeTpa3~pa (pnc. 11), BepthrIHbI, 
pe6pa  rt rpaHrI ~OTOpOro COOTBeTCTByIOT OC~IM, rpa-  
H~IM H rnriepriJ~ocrocTaM TeTpa3~pori~am, Horo y r~a  
~ a r i s o ~  q e T b l p e x M e p s o ~  petHeT~n, YlHIIIeHHblM O~HOI-O 
I~3MepeHrifl. ~ r~bI  M e ~ t y  OC~M~I rI 3KBHBa.rleHTHOCTb 
oceH MbI BbIpa~aeM pa3Horo Brt)~a JIHHH~IMH, cOe~H- 
HI;IIOI_I2HMH COOTaeTCTayroIJ_trte BepttH4HbI; HaripI4Mep, 
I~yHI<TI4pHIalMI4 YlHHH~tMH 17pOH3BO~IbHbIe yrYIbI, crlylO- 
IIIHblMH -- rlpflMble, ~BOHHble JIHHHH MOFyT O603HaqaTb 
a ra rma~eHTaocrs  ocefi n T.~. Ta ro f i  TeTpaa)xp MO~HO 
6~aO 6S~ Ha3BaTS ~empu~tecnu~t, ~a~ oTpa~rammnM 
MeTpn~y petHeT~n. I2eHTpnpOBaHHOCT~ rpanefi ,  rnriep- 
II.rIoc~ocTe~ rI rnriepo6~,eMa OTO6pa3aTCa B ~tempuue- 
ct~o~t TeTpaa~pe tteHTpnpoBanneM COOTBeTCTBylOIJ~IIX 
pe6ep,  rpaHefi ~ o6~eMa. HaripnMep, aoceM~ pOM6a- 
qec~nx petHeTor, n3o6pa~reHH~iX Ha CTp. 16 (Mackay  
& Pawley,  1963) rnr iepr iapaz~e~erinne~aMn,  c riOMO- 
m~,m MeTpnqec~oro TeTpaa~pa 6y]IyT rt3o6pa~KeH~,i 
Tar,  i<aI< n o r a 3 a u o  Ha pnc. 12. 

C riOMOmbrO MeTpI4qecKoro TeTpa3~ipa MO~HO 
BI,~pa3HT~, I~ Bb~the pacCMOTpeHHbIe TeOpeMbI. Ka~ 
H3BeCTHO, I_[eHTpHpOBaHHOCTb aHaJIHTHqeCKH 3arlHCbI- 
BalOT B BH)~e I<OMriOHeHT-IIoYlyTpaHcJI~/2H~ riO KO- 
op)xnnaTm, IM OCaM; Ta~, tteHTpnpoBanrIe rpanr~ a~e- 
MenTapHofi aae f i rn  B {4} ~aeT ~OMnOnenT~I nO aayM 
OC~M, ~TO a MeTpriqecroM TeTpaa~pe B~,~pa3nTCn Br~a- 
~OM riO O~HO~ ~OMriOHenTe B r a ~ a y r o  n3 aayx  BeptHrtn, 
npnHa)xae~ramnx UenTpnpoBanaoMy pe6py  TeTpaa~pa. 
COOTBeTCTBeHHO, ~eHTprIpOBaHrIe rnnepriytoc~ocTn 
~aeT B~J~a)lb~ nO rIoJ~yTpaHcJ~flrartrt B TprI BeptHrtHbI 
weTpaa)ipa, a t tesTpnpoBanne  rnriepo6~,eMa - B qeTbIpe 
Bepmrm~,L T p n  pacCMOTpeHHbIe TeOpeMbI CBO)I~ITC$/ K 
O~HOMy OCHOBHOMy npaBr~y  ttenTprtpOBaHrIa: CyMMa 
rIo~IyTpaHc~i~t~nfi B BeptHrtsax MeTpr~qecKoro TeTpaa- 
~pa  ~oz>rHa 6~T~, O~I4HaKOBO~ ~JI~I Bcex Bepmr~n, rio- 
~ y q a m m n x  B~J/a~(l~I; ecJtH CyMMa KOMriOHeHT B Ka~)lo~ 
H3 qeTbIpex BeptHI4H TeTpa3)ipa eCTb qI4CJIO HeqeTsoe, 
TO HueeT MeCTO tteHTprtpoaaHne rio rnnepo6~,eMy. (B 
c~yqae ~BOfiHOfi IteHTprtpOBaHSOCTtI rpasH n~In rnne-  
pn~ocrocTr t  ripaBn~IO cnpaBe~l~nBO ~ i a  nap  rOMnO- 
HeHT.) 

OriHCaHH~,IMH ripneMaMtI SaMtt BbIBe~eHbI Bce pe- 
meTrr~ BpaB3, qbnrypnpytomne y M a r r a ~  ~ H o r n  

(1963) c ncnpaBaeunaMn 3aMop3aeaa n I2eKnHoacra, 
3a HCK.rItOqeHHeM petueTKrt No.  17, KOTOpafl Ha Hath 
a3rz~)X rpe6yeT cneuna~HOrO paccMovpeHna. KpoMe 
TOFO, HaMtt BblBe)~eHa HOBa~I pethewra Tnna No.  
5, ~Ba:~)lbI IIeHTpI, IpOBaHHa~I rio rnnepriaocrocTr~ 

111 222 (X~X2X3)" {(~-~0)(7770)}. CnMMewpna awofi pethew~n, 
p a a n a a  (B o6o3HaqeHnaX X a p z n )  4K, 6T, Hn~e, qeM 
CHMMeTpI4~I HCXO~HO~ ripHMI4TI4BHO~, IIO3TOMy ee c~ie- 
)~yew a],i~te~nTb B CaMOCTOnTe~bm,~fi Bn~I (pOM6O3- 
a p n q e c r o r o  Tuna) c MeTpnqecKI4M TeH3OpOM 

a al a2 al a2 al a2\ 

a22 ~ a~l 
a 2 / 

Ecmt  y ro~  M e ~ y  oc~m X1 n OCaMH ATE,)(3, X4 (rowo- 
p~xe 3KBHBaYleHTHbI) CTaHOBHTC~I npaM~XM, To ]IaHHa~I 
pemewra CBO)XnTCa r pemewKe No.  9; qaCTUbIe ~ e  3na- 
qeHn~ ~ He yBe~nqnBamT CrlMMeTprIIO petueTrn.  

B 3a~moqeHne 3aMeTni ,  qXO ec~n pemeTra  No.  17 
cymecxByeT, TO aOa~Ha cymecwBoaaxb n pemeT~a, a o  
Herowopo~ cTenenH aHa~ornqHa~ petueT~e No.  8, c 
MeTpI4qecIGtM TeH3OpOM 

a al a2 0 ~ ax a2) 
a 2 - ~  al a2 0 

al a2 

I4 C~IMMeTpI4e~ (nO Xap~n) ,  paBHO~ 2D. 
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